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AIIIarad-A general method for analysing the time-dependent inelastic response of three-dimensional
metallic bodies to arbitrary time-varying mechanic:alloads and temperature is presented in this paper. The
method is capable of usill8 any of a number of constitutive relations usill8 state variables that have been
recently proposed by other researchers. The constitutive equations due to Han are used in the numerical
calculations. Han's model has been previously shown to accurately simulate the deformation behavior of
uniaxial metallic specimens subjected to various histories of stress and strain. Numerical results are
presented here for the mechanical response of a sphere to various prescribed internal pressure or internal
displacement histories. Various experimentally observed phenomena in creep and plasticity such as
constant sttess creep, stress redistribution. history depelldence, creep recovery, plastic work hardenill8,
strain rate sensitivity and Bauschinger's effect are shown to be qualitatively predicted by Hart's model for
this multiaxial problem.

I. INTRODUCTION

The classical theories of creep described in the books by Rabotnov[I], Penny and Marriott[2]
and Odqvist[3], for example, have several drawbacks as discussed by Krempl[4-6]. To
overcome sbortcomings of classical theories and to have more faithful representations of the
time dependent non-elastic deformation of metals and alloys at elevated temperatures, a broad
class of newer constitutive relations have been proposed in recent years in terms of state
variables by various researchers [7-13]. The present authors recently proposed[l4-16] an
efficient method for inelastic analysis of three-dimensional bodies subjected to stttJdy loadings
and temperature distributions, using these state variable theories. In the present paper, a
general time-dependent inelastic analysis procedure for three-dimensional bodies subjected to
arbitrary time-varyi,., mechanical loads and temperatures, is presented. The loads are supposed
to vary slowly in time so that inertia effects are negligible. A brief review of tbe salient features
of state variable theories is presented in the next section. The reader is referred to[7-13] for a
more detailed discussion. This is followed by a presentation of the computational scheme for
general three-dimensional problems and then an illustrative problem involving a sphere.
Numerical results are presented for the response of a 304 stainless steel sphere at 4OO"C to a
variety of internal pressure and internal displacement histories. Hart's complete constitutive
relations are used in these calculations. The significance of phenomena such as creep, stress
redistribution history dependence, creep recovery, plastic work hardening, strain-rate sensitivity
and Bauschinger's effect are discussed in the context of Hart's theory.

2. STATE VARIABLE THEORIES
The mathematical structure of the state variable theories of inelastic deformation[7-13] has

some salient features which permit a simple and efficient method of time-dependent, three
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dimensional inelastic analysis. According to these theories. the total strain tensor E at any time
consists of the sum of the elastic strain E', the nonelastic strain En and the thermal strain ET.

Thus. in terms of rates

(1)

The nonelastic strain ~" is time and history dependent and includes both the time-independent
plastic (in the sense of classical plasticity) and time-dependent creep strains. There is no yield
surface in the sense that ~" is assumed to exist at all stages of the deformation process.

The nonelastic behavior is described in terms of certain well defined state variables qj
(i =1, ... n) which may be scalars or tensors. These state variables are assumed to completely
characterize the present deformation state of the material and differentiate between geometric
any identical specimens with different initial deformation states. They vary along the defor
mation path according to certain laws and their values at the current time depend upon the
deformation history upto this time. Moreover, the history dependence of the rate of nonelastic
strain upto the current time is completely taken into account by the values of qj at this
time and no further knowledge of the prior deformation history is required. With this in view.
the constitutive equations assume the forms

i" =f(0', qj, T)

q, =11(0', q" T)

(2)

(3)

where 0' is the stress tensor and T the temperature. Also. nonelastic deformation is assumed
deviatoric, i.e.

i~=O. (4)

Because of this, the stress 0' in eqns (2) and (3) is often replaced by its deviatoric part defined
as

(5)

In the above, a tensor A has caresian components All and, as usual, a repeated index implies
summation over that index. I is the identity tensor. The initial deformation state of the structure
must be specified by prescribins initial values of the state variables qt.

Many of these state variable tboories try to include various phenomena such as strain rate
sensitivity, work-bardenina. Bausc;biDpr's elect, history dependence. creep recovery, material
safte'" etc. that are observed in metals at elevated temperatures. The state variables q/ have
cWferent meaniap in dilereDt theories. The proposed computational .. scheme depends only
uppn .the mathematical structure of the constitutive relations as desctibed above and not upon
their explicit forms. Therefore. these specifie forms are not given here. The specific forms of
Hart's constituti'Ve equations, used in numerical calculations. are presented later in the paper.

3. COMPUTATIONAL METHOD
A computational method for solvina boundary value problems for three-diJnensionai metal

lic~s subjected to time-varyinalolds and temperature distributions is presented below. The
proposed method consists of formulatiq a given problem in terms of real time rates which
leads to an inIlonloaeneousliaearboundary value problem for the stress or displacement rates.
The linear boundary value problem thus obtained is solved to fhKI the rates of the variables of
interest throughout the body at any time. and then these rates are intesrated forward in time to
obtain the time-histories of the variables of interest.

The IOvemina dilerendal equations 01 the problem in terms of rates are as follows:

kinematic: . ., + ,,, +.T 1(. +. )
Ell =Ell Ell Ell =2 UIJ UI.j (6)
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or, equivaltntly, the total strain rates must satisfy the compatibility equation

66S

vx i x V = e;",pe~p.,,,,, = 0 (7)

equilibrium: tTliJ =-Pi (8)

constitutive: ., 1 (. v.:u8 ) (9)Eli =20 O'li - 1T V (J'; Ii

i" = f(O', qi, T) (10)

fr = o1'8li (11)

qi = &1(0', ql, T). (12)

In the above III is the displacement vector, F; the body force vector per unit volume, v the
Poisson's ratio, G the shear modulus, 0 the coefficient of linear thermal expansion, tilt the
alternating tensor, 81i the Kronecker delta and V the gradient operator.

3.1 Stress ratt formulation
Using the constitutive eqns (6) and (9), the compatibility equation (7) becomes

(13)

The traction boundary condition is

(14)

where D is the unit outward normal to the surface S of the body and .,. the surface traction
vector prescribed on S.

3.2 .Displacement rate formulation
The equilibrium eqn (8), written in terms of displacement rates using eqn (6) and eqns (9)

and (11), becomes

The boundary conditions can either involve stresses, i.e.

. G( 2v. ( . .) 2'" 2(1 + v) '*'--)
O'ljlli - 1_ 2v UJJ'l1 + Uy + Ui.1 "i - • /Jlli -}":2;'a~ 111

=+1 on S

or displacements, i.e.

"I =A on S

(IS)

(1&)

(17)

where A is the prescribed displacement vector on the surface of the body.
The initial conditions are obtained by specifyina the initial distribution of state variables

q,(x, 0) throu,bout the body, and by takiDa the iDiti8l nonelastic strains to be zero. Thus the
total initial strain only has elastic and tbenDal components so that. the initial stresses are pven
by the solution of the corresponding thermoelastic 'problem with identical material and
geometry. Thus

O'/J(x, 0) • 6/1(x), eq(x, 0) • '/I(x) - • G(x, 0) + f ~(x, 0)

.:Xx, 0) =0, q,(x. 0) - ef,(x) (18)
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where cTIJ and ill correspond to the tbermoelutic solution. The thermoelastic: solution always
determines cT" and ." reprdless of the mapitudes of the initial loads and state variables.

ThermomecbaDical couplina is ipoNd. The temperature on the surface of the body S is
assumed to chanae slowly in time and thermal steady state conditioos are assumed to exist
tbroupout the body at each time. Thus, at any time, the temperature T(ll, I) throuIbout tile
body is obtained by soIvm, the steady state heat conduction equation subject to prescnDed
(time vlU'Yial) thermal boundary conditiou on the surface S: The body force distribuUoa is also
assumed to be completely prescribed tbroupout the body at all times.

The resultins boundary value problems dilcuased in Sections 3.1 and 3.2are linear in stress rates
and displacement rates respectively. The inhomoaeoeous terms on the r.b.s. of eqns (8), (13) and
(IS) are known at any time provided that the spatial distributions of stresses, state variables,
temperature and body forces are known at that time. The structure of these boundary value
problems is seen to be very similar to those of classical thermoelasticity.

4. ILLUSTRATIVE PROBLEMS

The formulation of bouDcIary value problems involvina a sphere subjected to time varying
loads and temperature diatributiou is presented in this section.

A thick spNrical shell of iatcnaI aad exterDai radii a and b is subjected to iDtemal and
external pressures p(/) and q(/). The intemaI temperature is T.(/) and the external temperature
T,,(/) (Fig. 1). Because of spberical symmetry, the only nonzero displacement component is

the radial displacement ,,(r, I) and the DOnzero stress and strain compoaents are u.. u, =u., .,
and .. =....

The kinematic and equilibrium equations have the usual forms liven in Komer and
Mukherjee[1S, 16]. The constitutive equations are:

., =[u, - 2JIItT,l/E +.~ + aT

.. =[(1- ,,)u, - JIItT,l/E +.; +aT

i~ =f,(iT, q,), i; =f,(iT, q,)

(19)

(20)

(21)

(22)

In the above, E is the Y9Ultl's modulus. To tbis list CClft (3) mutt be added. The boundary
conditions are as given in(l6] with p, q, T., T" functiou of time. The initial conditions are

q,(r,O) • qf(r) (23)

toaetber with the zero 0..tbIaDoeiutic solution to the· probleJn liven in Timoshenko and
Goodier[17] (see also Kwnar[18]).

F"JI. I. Spilere under intenllllllCl .xtenIaI pmaure.
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UsiDa the displacement rate formulation outlined in Section 3.2 the displacement rate and
then the stress rates are obtained. The stress rates are given by the foUowina equations

t =tIl +(t - t,,)_a_ (!-I).
• (b-a) r

(24)

(25)

(26)

The first term in either of eqns (24) or (25) is due to the presence of nonelastic strain rates.
The second is the time derivative of Lame's elutic solution of the problem and the third is the
time derivative of the thermoelutic component of the stress.

The problem can now be solved using a suitable scheme for intep'ation in time and the time
histories of the variables of interest obtained.

Another problem of interest is the response of a sphere to prescribed internal radial
displacement and external pressure. The boundary conditions for this: problem are

u(a, t) =11.(1)

O'r(b, t) =-q(t).

(27)

(28)

For simplicity. the temperature is assumed to be uniform tbrouabout the sphere -and steady in
time. In this case, the stress rate eqns (24) and (25) must be replaced by

where

fer) == 2(1- 2v)a 3 +(1 + v)r

g(r) = (1- 2v)a 3
- (1 + v)r.

(29)

(30)

(31)

(32)

S. HART'S CONSTITUTIVE RELATIONS

The constitutive relations proposed by Hart[7, 8, 19) are used in numerical calculations for
the problems discussed in the previous section. Hart's equations have been used to acc:urately
predict uniaxial deformation ~havior of several metals and alloys. Recently, uniaxial creep and
ten. tests were c:arriecI out on Nic:tel and 304 stainless steel ..,ecimens at v.- tempera
tun. for vllious v_s of _tress and strain rate and the ..lilts COIIIJNII'ld widl predittioDs from
Hart's constkulive equations. The correlation betwen tbeorY aad expeaiDNDtwufoud tobe
very pd. These results are available in [20) aad (21). A brief review of Bart', CODIlitutive
relations is pretented in this section. The details can be obtaiDied fl'Olll[7, 8, 19).

Acco~ina to Hart, the nonelutic strain rate i 8 for Jhin IIIIItrix deformation, consists of
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two components
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(33)

Here E" is the anelastic strain due to Jl'ain matrix deformation, a stored strain that is eventually
completely recoverable upon UDloadiq, and ~ is the permanent strain. rate. Tbec~sponding
permanent strain ~ is path dependent and completely irrecoverable. Tbe state variables are the
ane1astic strain tensor ." and scalar bardne5s (T*. The path dependent nonelastic strain, En. is
explicitly rejected as a state variable. Let • represent the deviatoric part of stress tensor (T. The
deviatoric stress tonsor a is composed of two auxitiary tensors a" and t

5=5" +t.

The flow relations are

3 f"
." =--5"2 (Til

3.'
~---5"2 (Til

where f", f', f", (T, (Til and a1 arc scalers defined as

These scalen II'e related to eacb other tbrouah the UDiaxiaI relations

(34)

(35)

(36)

(37)

(38)

(T" =k" (39)

a1Y~i",. a*CIt (40)

( ·rl/A

;',.;* In :" (41)

u*,. f'(T*f«(T*, (Til) (42)

where

···(~r/exp( -~). (43)

In tbe.v~~ AI, m. A,!•.•.•• art low tar a of thao arc
f\ulcdQQs of. ...~Ria .. "'eoaI&IIl•.Q for atoaic.seIf~......... 4*_, ,.....~......... T. Thework, i is r. 'PM
ftow ,...,. _311 AJJP.~.t.IIr'hm a...qt.iGId II..UOad..
tests and the wort ,....frOll a Mriet of strain It caa be v«i8ed
easily tbat.tbe _ve~.....Dve the .... auuetureas dNcribed by •• (2)-(4).
An alternative but equivalent formulation is liven in(8) where the strain invariants and ftow
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rules are written without numerical multipliers, e.g.

'11

'11 V( '11 '") •• I JI = 'I/'ii' I =;;JS, etc.

669

In this case a set of uniaxial quantities must be suitably defined in terms of the invariants in
order to ensure consistency of the uniaxial and muJtiaxial equations (see Table 1).

Table I. Equivalence of 3-D and uDiaxiai quantities. in case
of isotropy. for Hart's formulation in Ref. [Il, (Simillr
relationsbips bold for other strains. strain-rates ud 1b'eUes)

3-D quantities uniaxial quantities

(1 ~G)(11
f· ~(~)fl·

./I.
23./1.1

(1. ~(D(1I·

f· ~G)il·
Ii·

e)IM-II/2, .3 III·

r ~(nr,

TIlt uiscoplastic Until
Hart's equations (33H43) can be directly used for numerical computation. However, in the

region u· - u·, eqn (41) predicts larlC values of i' and consequently very small time-steps are
required in the computation. For the sake of computational efficiency, the condition IT· =IT·
can be' used to replace eqn (41) in this region. It can be shown easily that in this case the new
equation for i' becomes

(44)

The re,ion where u· - u* and IT" • tT* is called the viscoplastic limit. The justification for
the use of the condition IT" • IT- istbe shape of the Inu"-Ini· curves obtained experimentally
(see for example, Pip. 5,7 IIId 8 in [8]). It is observed that these C1D'Ves become essentially flat
(i.e. u" - u-) for suftieieDtly Jarae values of i'. Thus, the relation IT"· IT- can be used
whenever i' exceeds a certain critical value ie'. This critical value depends on u* accotdina to
the equation

(45)

which is a straiabt line in a loa-Ioa plot. Some problems _t arise foUowina sharp dis
continuities in IoIdina histories. In this case, one simply reverts back to eqn (41) instead of (44).

Equation (44) bas been used instead of (41) in the viscoplastic limit rePon in the numerical
cak:uIations praented in the next section. This considerably improves compatatioaal eIlciency
without alterina the results sipificantly. Further details reprdina the viscoplastic limit are
available in[20).

6. NUMERICAL RESULTS AND DISCUSSION

Results of IlUIIIelicaI cllc:*tiona carried out for a 304 stainless steel apbere It a uniform
temperatUre of.-c are presented in this section. The wort bardenina function in this case bas
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(46)

The values of the various ftow parameters are (20, 21]

-'=0.15 M-7.8 m=5

Ii· =0.6937 X IOZSse~-1 .J( =0.132 x lo'psi

i* =0.252 x 10-:ZO(0'*14S,670)'soc- l
•

The work hardening parameters are

{3 - 0.179 x 10' psi 8 = 1.33

and the parameters defininl the viscoplastic limit are

Finally, the elastic constants are

E-O.244x lo'psi

O'd* = 10,000 psi.

p =0.298.

In the above, the hardness and stress are in units of psi and time is in seconds.
The appropriate equations are nondimensionalized throURh the use of the followinl dimension

less vluiables

y= y/I

where ., is any variable haviaa tile dimensions of stress dd I - 10,000 psi. Also,

~=rla, k=bla, O=ula.

(47)

(48)

Either the internal pressure or the internal' _laccment is assumed to be prescribed in time
and the external pressure q is taken to be zero for all time in all cases. The initial stresses and
strains are obtained from Lame's elastic solution to the appropriate problem. The initial
anelastic and permanent strains are taken to be zero in all cases while the initial hardness
~ ilc ~liJedataa Ulliform v". tbrouaJaoUl the sphere.

tile time ra.of~ of the re~vallt quaatiu.s at zero tilpeare ob&ained.from Hart's
constituciv, eq.... (33)..0(43) ancl the suess ra&e equations (24).1Pd (25) or (29) -ad (3(). The
stresses. ~laccmems _ state variab~s at a new tilDe AI are obtained usins.a modified Euler
predbor-corrcctor schuae of the type

dy
dl ... f(y, I)

yP(1 +At) =y(/) +At f(y, I)

y(1 + AI) =(4/5)yC (I + A/)+ (lf5)yP (I +AI).

(49)

(50)

(51)

(52)

These values at time At are DOW used to find the new rates at I == At and so on, and the
proce$s contiaued upto the tlDaldesired. time. The maximum I*centaae dilerlnee ·between
predictor and corrector values for any variable being iiltearated, at any spatial location within
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the sphere, at any time step, is limited to 0.05%. A much tighter error bound does not alter the
results significantly.

The radius ratio k for the sphere is 1.5 and the dimensionless shell thickness k - 1 is divided
into 20 equal segments for these numerical calculations. Spatial integrals are evaluated using
Simpson's rule. Typical computing times for single calculations are between 1 and 2 min on an
IBM 370/168 computer.

Numerical results for several prescribed histories of internal pressure and internal dis
placement are presented in Figs. 2-14. Results for constant internal pressure are shown in FIgS.
2-5. It is seen from Fig. 2 that an initially hardened sphere (11% initial cold work) creeps less
than an identical annealed sphere at the same pressure (IS bi). As expected, larger pressures
cause more "initial" deformation and creep and the response is highly non-linear. For a
pressure of 20 bi, for example, the hoop strain at the inner wall of the sphere is about 1.55%
within a very shan time. This is the sum of the elastic and "instantaneous plastic" strain of
classical plasticity. Redistribution of stress invariants and hardness and of radial and taI1gential
stress are shown in FIlS. 3-5. The anelastic stress mvariant u*, which is initially zero, increases
till it equals the initial hardness (17 bi) at the inner wall (Fig. 3). The hardness is then driven up
until u* - u· tbrouabout the sphere. At all times, u· ~ u* and u ~ u*. The "instantaneous"
deformation of classical plasticity is accumulated very quickly during the saturation of the
aneiastic stress invariant u*. Redistribution· of the radial and tanaential stresses (FIgS. 4 and 5)
is simulated as expected. A discontinuity in the slope of the tangential stress is seen to
propagate quickly from the inside to the outside of the sphere.

The response to an interrupted load history is shown in Fig. 6. There is creep recovery at
zero load. The effect of previous history on subsequent deformation is evident from the
displacement at the iDDer wall of the sphere upon reloadina. The material hardens and the creep
rate is lower than at the start. The change of hardness and the anelastic stress invariant at the
inner wall with time for this case is shown in Fig. 7. The state variables have different values at
the point of reloading compared to those at the start and this causes the difference in the
response of the sphere.

The response to a load change is shown in Fig. 8. The creep strain rate increases upon
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increase of load and the displacement for the case of a cOllItaIlt internal pressure of 20 ksi is
greater than that for the case where the pressure is IS k,r for the fint 3hr and is then raised to
2Oksi.

A comparison with classical pluticity for the case of pressure increasing at a constant rate
is shown in Fig. 9. The prescribed pressure rate corresponds to an initial tanpntial strain rate at
the inner wall of 10-3 sec-I. The yield stress and slope of the stress-strain curve for the
riaid-linear work hardeaina plasticity model iso~ from uniaxial work hardeaina experi
ments, performed at Comell(20). The prescribed stlain rate in these uniaxial experiments was
O.02/min. The stress-strain data was~ to produce a plot of a* as a function of strain.
The initial hardness of the specimen in question, ao·, was the hardness value corresponding to
zero strain. obtained by extrapolation. Details of this procedure, toaether with experimental
results, are available in(20]. The correlation for two values of initial hardness is exceDent.
Redistribution of radial and t.....tial stress for this case is sbown in FIlS. 10 and 11. The
expected propaption of the disco""'intheslope of the taqential stress is seen in Fig. 11.

Strain rate sensitivity is shown in FII. 12. This time the internal dispiacement history is
prescribed. The strain rate sensitivity of 304SS at 400'C is known to be small from experiments
and this is seen in Fig. 12. The biaber the strain rate, the larger is the pressure required to get
tbe same accumulated strain.

Fmally, the response to cyclic internal displacement is shown in Fig. 13. Bauscbinaer's
elect and cyclic bardeninI is simulated by the theory. The nature of the stress-strain curv,e is
qualitatively similar to that obtained from uniaxial cyclic straiaina experiments on metals (see
for example,(22]). The behavior of the hardness and the anelastic stress invariant for this case
is shown in FII. 14. There are periods where the two are equal <anaIoaous to tensile or
compressive yieldinl in classical plasticity) interspersed with periods in which (TA drops to zero
and increases again.

1. CONCLUSIONS

The propoud compua.... sc.... is very elicioat for anaIy"tbo ....pendent
inelastic response of structures obeyinJ Hart's constitutive relations. Hart's model, which bas
been previously shown to accurately simulate quantitative uniaxial experimental results on
metals for a variety of itress and strain bistories, is here shown to qualitatively simulate a wide
variety of experimentally observed phenomena in creep and plasticity for a structural element
subjected to a multiax.ia1 state of stress. The scalar state variable called hardness and the tensor
state variable called anelutic strain is found to be adequate for representing the effect of
previous deformation history on subsequent deformation behavior.

AckM......"'"-1'bis research was supported by coatrlCt No. EY-16-S-0Z-2133.__ of tile Elltl'1Y Research and
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